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Abstract

Although the prisoner’s dilemma (PD) has been used extensively to study reciprocal altruism, here we show that the n-player prisoner’s

dilemma (NPD) is also central to two other prominent theories of the evolution of altruism: inclusive fitness and multilevel selection. An

NPD model captures the essential factors for the evolution of altruism directly in its parameters and integrates important aspects of these

two theories such as Hamilton’s rule, Simpson’s paradox, and the Price covariance equation. The model also suggests a simple

interpretation of the Price selection decomposition and an alternative decomposition that is symmetrical and complementary to it. In

some situations this alternative shows the temporal changes in within- and between-group selection more clearly than the Price equation.

In addition, we provide a new perspective on strong vs. weak altruism by identifying their different underlying game structures (based on

absolute fitness) and showing how their evolutionary dynamics are nevertheless similar under selection (based on relative fitness). In

contrast to conventional wisdom, the model shows that both strong and weak altruism can evolve in periodically formed random groups

of non-conditional strategies if groups are multigenerational. An integrative approach based on the NPD helps unify different

perspectives on the evolution of altruism.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The evolutionary mechanisms by which altruistic beha-
viors evolve have been vigorously debated over the last
several decades. The most prominent theories are recipro-
cal altruism (Axelrod and Hamilton, 1981; Trivers, 1971),
inclusive fitness (Hamilton, 1964, 1970, 1975), and multi-
level selection (Wade, 1978; Wilson, 1977, 1997). The
iterated prisoner’s dilemma (PD) naturally lends itself to
the study of reciprocal altruism (Axelrod, 1984; Dugatkin,
1997), yet real-world biological and social systems often do
not involve pair-wise interactions or knowledge of past
actions, and consequences of cooperation and defection
may be distributed among many individuals. The n-player

prisoner’s dilemma (NPD) is a model that captures the
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diffuse harm to the common good that self-interested
behaviors may cause. It encompasses both (Hardin, 1971)
problems of exploitation of a common resource (‘‘tragedy
of the commons’’ (Hardin, 1968)), and problems of
inequitable contributions towards a common good
(‘‘free-rider problem’’ (Avilés, 2002; McMillan, 1979)).
The minimal conditions for the evolution of altruism are
captured in our NPD model and are: non-zero-sum fitness
functions for altruistic behaviors and sufficient population
assortment (variance among groups) with respect to these
behaviors. Heritability is assumed.
The simplicity of our model allows us to connect

explicitly the NPD to the other two related theories of
altruism evolution (Frank, 1998; Queller, 1985, 1992; Sober
and Wilson, 1998; Wade, 1980): inclusive fitness and
multilevel selection, a connection which has not previously
been made formally, despite hints in the literature (e.g.
Bowles et al., 2003; Frank, 1995, 1998; Hauert et al., 2002;
Leigh, 1999; Michod, 1999). George Price was one of the
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Fig. 1. Simple n-player prisoner’s dilemma. Fitness functions for

individual cooperators (wa) and defectors (ws) given as a function of the

fraction of cooperators in a group (qi). The two solid lines have slope b.

The dashed line indicates the average fitness (wav), which has a positive

slope. The intercept difference of the two functions is given by c, where for

convenience a base fitness equal to c has been added to both fitness

functions.
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first to recognize the similarities between social dilemmas
and levels of selection: ‘‘the cases discussed where
individual selection decreases group fitness are closely
and deeply analogous to economic effects recently dis-
cussed by Hardin in a paper entitled The tragedy of the

commonsy’’ (1969, quoted in Frank, 1995). It was later
shown that the tragedy of the commons is equivalent to an
NPD (Hardin, 1971). Surprisingly, this connection is still
not widely appreciated. For instance, a recent issue of
Science (Kennedy, 2003) devoted entirely to the tragedy of
the commons fails to even mention the PD.

The NPD model parameters relate simply to Hamilton’s
rule (from inclusive fitness theory) and Simpson’s paradox
and the Price covariance equation (which are central to
understanding multilevel selection theory). The fundamen-
tal role of assortment is captured in Hamilton’s rule; in
multilevel selection theory this rule describes the variance
in group composition, where groups with a high propor-
tion of altruists are more productive than those with less.
This variance in productivity drives between-group selec-
tion favoring altruist-dominated groups, while within-
group selection favors non-altruists within every group.

The model also suggests a simple interpretation of the
Price selection decomposition and a symmetrical alter-
native version presented here. This alternative decomposi-
tion, when contrasted with the Price equation, highlights
the assumptions, usefulness, and limitations of both. We
also identify the different game structures that distinguish
weak and strong altruism and show how these two types of
altruism behave similarly under selection. Specifically, in
contrast to conventional wisdom, both strong and weak
altruism can be selected for and maintained using
periodically formed random groups of non-conditional
strategies if groups are multigenerational. Our game-
theoretic model and analysis thus offer a framework for
unifying different approaches to the evolution of altruism.

2. The NPD model

In the simplest form of the model there are only two
groups with no dispersal. In order to illustrate fully the
potential course of opposing between- and within-group
selective forces acting over multiple generations, we begin
by keeping these two groups completely isolated. This
results in the population eventually reaching an equili-
brium of mutual defection. In Section 5, we relax this
constraint and model populations composed of many
groups where random mixing occurs after varying numbers
of generations within groups. In both versions of the
model, for each group i there are ai cooperators (altruists)
and si defectors (selfish) with group size ni ¼ ai+si and the
fraction of cooperators qi ¼ ai/ni. Note that there are no
strategies other than always-cooperate and always-defect.
We follow the frequency of cooperators in each group and
across the whole population. Fig. 1 illustrates a simple
NPD with parallel linear fitness functions, wa and ws, that
give the fitness per individual cooperator (altruist) or
defector (selfish) in the vertical axis and where qi is the
horizontal axis. These parallel lines are the simplest fitness
curves that satisfy the NPD.
There are two parameters in this model: the slope, b, of

the fitness functions and, c, their difference in intercept.
(For simplicity we add a base fitness w0 ¼ c to both wa and
ws so that fitness payoff values are never negative and the
cooperator’s intercept is 0.) The cost of being a cooperator
vs. a defector is the intercept difference c. The benefit
provided by each cooperator to the group is b. To see this,
note that the added benefit to each group member
(including the focal player) in having one additional
cooperator in the group (vs. a defector) is b/ni (the change
in qi is 1/ni) and therefore the total benefit produced by a
cooperator for all group members is ni(b/ni) ¼ b. If b is
sufficiently bigger than c and/or group size (ni) is small
enough, such that b/ni4c, then this is no longer a PD. In
this case we have weak altruism (Wilson, 1975, 1990) as
opposed to the strong altruism that corresponds to the PD.
Note that even if b and c are held constant, different groups
within the same population can exhibit either strong or
weak altruism depending on their size.
For both types of altruism, the defector’s fitness line

dominates the cooperator’s at all qi and therefore
cooperation always involves an altruistic relative sacrifice
of fitness compared to defection. The deficient outcome
captured in this model is the fact that the fitness to
defectors when all players in a group defect (qi ¼ 0.0) is
lower than the fitness to cooperators when all group
members cooperate (qi ¼ 1.0), i.e., b4c. This is a necessary
condition for an NPD. It is also the condition for beneficial
non-zero-sumness, i.e., the benefit created by a cooperator
exceeds the cost to the cooperator and the average fitness
line (wav) has a positive slope. Since defection dominates
cooperation, this deficient outcome is an attractor of the
dynamics within each group. Thus for both strong and
weak altruism within-group selection acting alone does not

maximize individual fitness. We explore the strong vs. weak
altruism issue more fully in Sections 4 and 5.
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At each generation the number of cooperators and
defectors within each group is increased proportional to
fitness payoffs:

a0i ¼ ai½1þ waðqiÞ�, (1)

s0i ¼ si½1þ wsðqiÞ�, (2)

where primed terms represent values after reproduction.
These fitness functions can be interpreted as overlapping
generations or as discrete generations where the fitness
independent of the altruistic trait is one offspring per
individual. Here fitness is fecundity and offspring counts
(including fractional components) are determined by the
fitness functions from Fig. 1:

waðqiÞ ¼ bqi � cþ w0, (3)

wsðqiÞ ¼ bqi þ w0. (4)

To aid in comparisons among runs, in each generation
the total population size is proportionally scaled to its
original size, preserving each group’s qi value. Competition
between groups is implicit as more productive groups
comprise a larger proportion of the total population in
subsequent generations. For convenience we define total
population variables A ¼

P
ai, S ¼ Ssi, N ¼ A+S and

Q ¼ A/N.
In the next section, we show the analytic connection of

our NPD model to Hamilton’s inclusive fitness rule. We
then (Section 2.2) use the minimal two group version of this
model to illustrate Simpson’s paradox dynamics where
each of the two groups begins at the same size (500
individuals) but is different in composition. We also use
this version of our NPD model to illustrate its connection
to the Price covariance equation and our alternative
selection decomposition (Section 3). After using the model
to illustrate different classifications of altruism (Section 4),
we switch to a version where there are 100 groups of initial
size 10 and as above group size is allowed to vary with
group productivity, but at regular periods groups are
randomly reformed again to groups of size 10 (Section 5).
Similar results hold for a broad range of parameter
combinations (Fletcher and Zwick, 2004; Wilson, 1987).
We do not fully explore this range here; our purpose is to
illuminate and unify some fundamental concepts with
illustrative examples.

2.1. Hamilton’s rule

In this simple model, the condition for an increase in the
overall frequency of cooperators from one generation to
the next, Q04Q, can be derived starting with our fitness
functions Eqs. (3) and (4) (see Appendix A) and results in a
form of Hamilton’s rule (Hamilton, 1964, 1970, 1975):
rb4c. The r value in this derivation can be expressed as the
between-group over total variance in the cooperate trait,
r ¼ varB(qi)/varT(Q), where varB(qi) is the weighted be-
tween-group variance and varT(Q) the total variance
among individuals in this trait. (We refer to this expression
as the ‘‘variance ratio’’.) This is consistent with previous
work showing that for altruists that benefit the whole
group (Pepper, 2000) as in the model above, r can be
expressed in terms of the variance ratio (Breden, 1990;
Frank, 1998; Queller, 1992). According to Hamilton’s rule,
for altruism to evolve, the benefit b must not only be
greater than the cost c (the minimum NPD condition), but
the benefit must be greater than the cost even when the
benefit is discounted by the variance ratio. The more
structured the population with regard to cooperative
interactions (i.e. the closer the variance ratio is to 1), the
less non-zero-sumness is required (the smaller b–c can be).
The meaning of r has changed over the years from a

simple measure of relationship via descent (Hamilton,
1964) to various statistical measures of similarity (Frank,
1998; Hamilton, 1970, 1975; Queller, 1985, 1992; Wade,
1980). For instance, r is often calculated using the
covariance between the genotype of each potential actor
and the average genotype of their recipients (Hamilton,
1975)—regardless of whether this assortment is due to
kinship or, as we demonstrate later, even to random
grouping. Hamilton’s rule, thus, predicts the conditions
under which altruism can increase not only via inclusive
fitness, but also via multilevel selection. Note that when the
benefits provided by an altruist are divided among only
others in the altruist’s group, then the average genotype of
others does not include the actor, but when altruism is
whole-group the actor is included in this average when
calculating r. Thus r has a different meaning (and value)
for other-only vs. whole-group altruism (Hamilton, 1972;
Pepper, 2000). Note also that which individuals interact is
not necessarily determined by distinct physical groups.
Wilson (1975) coined the term ‘‘trait groups’’ to capture the
idea that the interactions, with regard to the trait of
interest, determine the assortment for that particular trait.
It is this assortment between genotypes that interact that is
traditionally measured in the r term of Hamilton’s rule.
However, while the traditional interpretation of Hamil-

ton’s rule relies on genetic similarity between altruists and
recipients, it is actually the phenotypes of others (not their
genotypes) that determines what evolves. In simple models,
including ours, where genotype completely determines
phenotype, either formulation can be used. But in
situations where behavior is conditional (e.g. traditional
iterated PD experiments) the more general version of
Hamilton’s rule (Queller, 1985) using the phenotypes of
others must be used (Fletcher and Zwick, 2006).

2.2. Simpson’s paradox

Even though Q can increase, i.e. Q04Q, when Hamil-
ton’s rule is satisfied, the frequency of cooperators
decreases in every group, i.e. qi

0oqi for all groups. This is
an example of Simpson’s paradox (Simpson, 1951), which
is key to understanding the role of population structure in
the evolution of altruism (Sober and Wilson, 1998) and is a
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Fig. 2. Dynamics in Q or q, r, and n for a typical NPD run (Run 1) with

two evenly sized groups that vary in their initial frequency of cooperators.

Parameter values are shown in Table 1: (A) frequency of cooperators vs.

generation for the total population (Q) and for each group (q1 and q2);

(B) the between-group over total variance ratio in cooperation frequency

(r) vs. generation. The c/b value is also shown. A vertical dashed line with

arrows indicates the critical point in Run 1—when r drops below c/b in

(B), Q begins to decline in (A); and (C) shows how the size of each group

changes over the run.

Table 1

Parameters for Runs 1–5 used in Figs. 2–4

Run a1 s1 a2 s2 c b c/b

1 50 450 450 50 0.20 1.00 0.2

2 50 450 450 50 1.00 5.00 0.2

3 50 450 450 50 0.03 0.15 0.2

4 9 1 1 989 0.10 0.50 0.2

5 60 50 840 50 0.10 0.50 0.2
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Fig. 3. Results for four Runs with various parameters (see Table 1). Run 2

(b ¼ 5.00, c ¼ 1.00) and Run 3 (b ¼ 0.15, c ¼ 0.03) demonstrate,

respectively, the effect of increasing and decreasing the magnitude of b

and c compared to Run 1 (b ¼ 1.00, c ¼ 0.20). Run 4 demonstrates a

marked increase in cooperation despite a low initial cooperator frequency

(Q ¼ 0.01); Run 5 demonstrates a steady decline in cooperator frequency

despite a high initial cooperator frequency (Q ¼ 0.9): (A) frequency of

cooperators (Q) vs. generation and (B) the between-group over total

variance ratio in cooperation frequency (r) vs. generation. For all runs the

c/b value is the same (0.20) and is shown. Vertical dashed lines with arrows

indicate corresponding points in runs—when r drops below c/b in (B), Q

begins to decline in (A).
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simple emergent of our NPD model. Fig. 2 shows a run
(Run 1) in this model where Simpson’s paradox is evident.
All runs used in Figs. 2–4 have a total population of 1000
divided into two groups with varying NPD parameters and
initial population structures (Table 1). To help illustrate
Simpson’s paradox all these runs are started at non-
equilibrium strong altruism (NPD) conditions and
allowed to progress to their natural equilibrium of 100%
defection, given no migration or group reformation. Later
we show how periodically reforming groups can yield an
equilibrium of 100% cooperation. In Run 1 the overall

cooperator frequency Q is initially 0.5 and the group sizes
are equal, but the group cooperator frequencies differ:
q1 ¼ 0.1 and q2 ¼ 0.9. This population structure gives a
variance ratio of 0.64, well above the c/b ratio of 0.2 for
this run (Fig. 2B), and therefore Q increases in accord with
Hamilton’s rule, even though q1 and q2 both decrease
monotonically (Fig. 2A). Here, the Simpson’s paradox
effect is due to group 2 (cooperator dominated) rapidly
expanding, while group 1 (defector dominated) is shrink-
ing, which is shown in Fig. 2C. At the peak of total
cooperation in Run 1, group 2 comprises over 95% of the
total population.

As mentioned, the Simpson’s paradox effect is transient
unless, as we demonstrate later, mechanisms exist for
reestablishing variation among groups. The changes in
group size and composition affect the variance ratio (r)—in
the case of Run 1, the ratio decreases steadily (Fig. 2B).
The generation when the variance ratio drops below c/b is
precisely the point when the overall cooperator frequency
begins to decline. A vertical dashed line with arrows
indicates this corresponding point for Run 1 in Fig. 2.
Figs. 3A and B are similar to Figs. 2A and B, but four

additional runs with a variety of NPD parameters are
compared. The parameters from all five runs are given in
Table 1. Fig. 3A shows the overall cooperation frequency
Q, while Fig. 3B gives the variance ratio for each of these
runs. To aid in comparing runs the c/b ratio is chosen
arbitrarily to be the same for all runs and is shown by a
thick unadorned horizontal line in both Figs. 2B and 3B.
Many other parameter values give similar results.
Runs 2 and 3 show the effects of varying the magnitude

of b and c, while keeping c/b and initial population
structure (variance ratio) the same as in Run 1. In Run 2
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with higher magnitudes the increase and subsequent
decrease in Q happens more quickly; in Run 3 with lower
magnitudes, the pattern is stretched out over many more
generations. Run 4 demonstrates that even with low
initial Q values (Q ¼ 0.01), a sufficiently high variance
ratio can lead to a dramatic increase in cooperators. Run 4
also shows that the variance ratio need not always
decrease (Fig. 3B). Changes in group size and composition
can cause the variance ratio to increase transiently
without external causes or mixing. Finally, Run 5 makes
the point that even with an initial high frequency of
cooperators, Q ¼ 0.9, cooperators will not increase without
a sufficient variance ratio. Here the variance ratio is less
than c/b and therefore Q decreases monotonically. In
summary, the NPD model given appropriate group
structure yields Simpson’s paradox. However, the effect
is transient without mechanisms for maintaining the
necessary population structure, which we demonstrate
further on.
3. An alternative to the Price selection decomposition

In the runs discussed so far, the transient increase and
subsequent decrease in cooperator frequency highlights
competing forces—the overall frequency of cooperators, Q,
increases while the between-group selective force dominates
and decreases when the within-group force becomes
stronger. Here we present an alternative to the Price
(1970) selection decomposition, which is symmetrical to it,
but gives different results. We realized this alternative was
possible while exploring the underlying idealizations
implicit in the Price decomposition, idealizations which
are usually not stated or recognized.
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Fig. 4. Change in cooperator frequency (DQT,) vs. generation for Run 1

of Fig. 2 along with the between- and within-group components of

selection given by the Price decomposition (DQB and DQW, respectively)

and the alternative decomposition (altDQB and altDQW). The population

consists of two isolated groups of 500 each where initial conditions are

q1 ¼ 0.1 and q2 ¼ 0.9.
3.1. The Price equation

Price (1970) introduced a covariance equation which
allows us to partition the change in overall cooperator
frequency, DQ ¼ Q0�Q, into within- and between-group
components:

DQ ¼
covðwi; qiÞ

EðwiÞ
þ

Eðwi DqiÞ

EðwiÞ
(5)

or equivalently as DQ ¼ DQB+DQW, where wi is a measure
of group fitness, here the growth rate of each group (ni

0/ni),
and DQB and DQW are the Price between- and within-
group components of change in overall cooperator
frequency, respectively. To highlight the underlying
assumptions of the Price equation, these components of
change can be rewritten as: DQB ¼ Q*

�Q and DQW ¼

Q0�Q*, where Q*
¼
P

[qini
0]/N0 (Appendix B). The Q* term

in DQB has a simple interpretation: it plays the role of an
idealized Q0 in which the before-selection qi values are
applied to the after-selection group sizes, ni

0. The corre-
sponding within-group expression corrects for the ignored
changes in cooperator frequency within groups.
3.2. An alternative selection decomposition

This simple interpretation of the idealization implicit in
the Price between-group component suggests a symmetric
alternative decomposition where the within-group compo-
nent contains the Q0 idealization and the between-group
component is the correction term. This idealization
assumes that the frequency of cooperators within each
group changes, but that the relative size (fitness) of groups
does not—we use the after-selection qi

0 values and the
before-selection group sizes, ni. This alternative Q0 idealiza-
tion we denote as: Q]

¼
P

[qi
0ni]/N and the alternative

components of selection can be labeled: altDQW ¼ Q]
�Q

and altDQB ¼ Q0�Q].
Fig. 4 shows the change from the initial Q value for

Run 1 of Fig. 2. Also shown are the selection components
of Run 1 given by the Price decomposition and the
alternative. Notice that the two decompositions give quite
different results. In the Price decomposition, the equili-
brium state (Q ¼ 0.0) consists of a balance between a
strong between-group force, 0.4, even though group 1 has
disappeared (see Fig. 2C), and a strong within-group force,
�0.9, even though cooperators have disappeared. In
contrast, the alternative decomposition more intuitively
says that the between-group selection force rises as group 2
initially increases over group 1, but that this force goes to
zero as the first group disappears. The alternative decom-
position thus more accurately captures the fact that the
between-group selective force peaks at an intermediate
number of generations within groups (see Fletcher and
Zwick, 2004; Wilson, 1987 for other examples). In contrast,
the Price decomposition incorrectly indicates that the
between-group component of selection never diminishes.
Which of these two decompositions is more appropriate
will depend on the situation being studied. In the runs
illustrated here where the within-group selection force
eventually dominates, the alternative decomposition pro-
vides more insight.



ARTICLE IN PRESS

1The name ‘‘Spite’’ refers to the idea that only a spiteful player would

defect in this situation because cooperation is a dominant strategy that

maximizes absolute utility (fitness) regardless of what others do. The

highest payoff requires mutual cooperation and this is emphasized in the

tandem bicycle formulation of this game, where both players must

cooperate to win the race. Defecting when cooperation is a dominant

strategy makes sense if enhancing relative rather than absolute fitness is

the decision criteria, but the importance of relative fitness is not

emphasized in the stories that give rise to these game titles.
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3.3. The two decompositions in relation to the NPD

These two distinct decompositions relate directly to our
NPD model. In the Price equation idealization Q*

¼P
[ai(1+wavqi)]/ni

0 (Appendix B), where wavqi gives values
for the average fitness line shown in Fig. 1. The slope of
this average fitness line is b–c (see Fig. 1) or the degree of
non-zero-sumness in the NPD model. To assess what
between-group selection would do on its own, we did a
version of this run (all parameters held the same) that
neutralizes within-group selection by giving both coopera-
tors and defectors the same average group fitness within
each of the two groups. When we do this, we find that the
change in Q over generations matches the Price between-
group component, DQB, exactly. Thus the average slope of
the NPD fitness functions (degree of non-zero-sumness) is
a measure of the between-group selection force predicted
by the Price equation, i.e., groups with higher fractions of
cooperators get proportionally more of the non-zero-sum
advantage and outproduce groups with fewer cooperators.

We do a symmetrical assessment which isolates the effect
of within-group selection by setting the slope b to zero.
Here, there is a difference c between cooperator and
defector fitness within groups but no difference between
what these types get in different groups. In this case, there
is no between-group selection. The resulting actual DQ for
this run exactly matches the altDQW component given by
the alternative decomposition. Thus the parameter c in our
model is a measure of the within-group selective force
indicated by our alternative decomposition. The fact that
between-group selection acting alone matches the Price
between-group component, and within-group selection
acting alone matches our alternative within-group compo-
nent confirms the different idealization made in each
selection decomposition as discussed above.

Note that neither decomposition is necessarily accurate
when there is a mixture of between- and within-group
selective forces acting simultaneously. While both decom-
positions assume the forces can be decoupled, in reality
they affect each other. The Price decomposition posits in its
between-group term that all change is due to between-
group selection and then assumes the difference between
this assumption and the actual change in Q is due to the
counterbalancing force of within-group selection. The
alternative decomposition takes the opposite tack. When
the two approaches give roughly the same answer (as in the
first few generations shown in Fig. 4), then the forces are
roughly decomposable. But as change over longer periods
is compared the values given by the two approaches diverge
(e.g. compare values at generation 30 in Fig. 4). This is an
indication that over this time period the strength of
between-group selection has been affected by changes in
group compositions (caused by within-group selection);
and that the strength of within-group selection has been
affected by group size changes (caused by between-group
selection). The alternative decomposition presented here is
a symmetrical complement to Price’s decomposition. It
highlights the non-independence of the between- and
within-group selective forces and may give more intuitive
results than the Price equation in some situations.
4. Game theory and strong vs. weak altruism

Although evolutionary game theory (Maynard Smith,
1982; Maynard Smith and Price, 1973) has been very useful
in helping biologists reason about evolutionary outcomes,
unnecessary confusion and controversy has been generated
by the way game-theoretic ideas have sometimes been
applied to natural selection. In a classic game-theoretic
analysis rational self-interest is defined by the action that
produces the highest utility (fitness) to a player—regardless
of the effect this behavior has on the utility of other players
(i.e., positive or negative externalities). Categorizing
behavior without regard to externalities is also a feature
of the ‘‘byproduct mutualism’’ concept (Dugatkin, 2002).
From the classic game-theoretic viewpoint, dynamics are
said to be governed by individuals maximizing their own
absolute utility. But what drives natural selection are
differences in offspring number in subsequent generations,
i.e., relative fitness, and fitness differences are also
important in defining altruism (Boyd, 1988). Applying
the classic game-theoretic (absolute fitness) viewpoint to
systems under selection can lead to incorrect predictions.
This is illustrated below.
We stated earlier that a condition for an NPD in our

model requires c4b/ni. That is, the cost of being a
cooperator must be greater than the cooperator’s share
of the benefit it creates for the group. This condition, based
on whether there is an absolute fitness cost or only a
relative cost, also marks the boundary between strong and
weak altruism (Wilson, 1979, 1990). While the NPD
corresponds to strong altruism, weak altruism corresponds
to a game called ‘‘Spite’’ in the game theory literature
(Hamburger, 1979; Rapoport and Guyer, 1978) or
described more recently in terms of a tandem bicycle
contest (Kerr and Godfrey-Smith, 2002).1 Here we will
simply refer to this game as weak altruism. Again note that
the same behavioral trait (with the same values of b and c)
can change between strong and weak altruism depending
on changes in group size (Pepper, 2000).
In terms of Fig. 1, the distinction between strong (NPD)

and weak altruism is determined by the intercept difference
in the fitness lines (c) and the slope of these lines (b), for a
given group size (ni). Weak altruism occurs if the fitness
lines are either close enough together (small c) or steep
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enough (large b) that hypothetically switching one D player
to a C moves qi enough to the right on the x-axis that the
absolute fitness of this individual would increase. From a
classic game theory perspective, the expected dynamics in
the weak altruism game is towards mutual cooperation
which is the dominant strategy, but under selection the
dynamics of weak altruism move towards mutual defection
within groups. Again, this is because under selection
differences in fitness—not the maximization of absolute
fitness—drive the dynamics (Wilson, 2004).

Problems with the distinction between strong vs. weak
altruism can be illustrated in our model for the runs used
earlier (Figs. 2 and 3) where all runs begin under strong
altruism (NPD) conditions (see Table 1). For example,
note that in Run 1 the first group’s size shrinks below 5
between generation 15 and 16 (Fig. 2C), and thus crosses
the boundary from strong to weak altruism (b ¼ 1, c ¼ 0.2,
and altruism is weak when niob/c or nio5). Under the
classic view (focused on absolute fitness), cooperation
should now be favored within this group because coopera-
tion is the dominant strategy with the highest absolute
fitness payoff for each player. Therefore cooperation
should increase when nio5 and decrease when ni45 for
these model parameters. Yet, in reality, cooperation (now
weak altruism) continues to be steadily selected against and
we observe that the equilibrium for this group is mutual
defection. This is because even a weak altruist helps every
other group member to gain more fitness than any increase
in fitness that it gives itself.

Still some continue to argue for a fundamental distinc-
tion based on absolute fitness, preferring to reserve the
word ‘‘altruism’’ only for cases where there is an absolute
fitness sacrifice (e.g., Foster et al., 2006; Lehmann and
Keller, 2006; Maynard Smith, 1998; Nunney, 1985, 2000).
For instance, Nunney (2000) prefers the term ‘‘benevo-
lence’’ instead of ‘‘weak altruism’’ and claims that:
‘‘Benevolent traits spread by individual selection and are
not vulnerable to cheating’’. This conclusion is based on
models where random groups are reformed every genera-
tion, but when these conditions do not hold (as in our
model above) we see that weak altruists do not spread by
within-group selection and are vulnerable to exploitation
by defectors.

Several studies have reported ‘‘surprising’’ results
when animal or human subjects choose self-sacrificing
behaviors that do not maximize absolute fitness or utility,
but instead seem more concerned with relative fitness or
fairness (Boyd et al., 2003; Brosnan and de Waal, 2003;
Fehr and Gächter, 2002). Yet these results are not
surprising from the relative, rather than absolute, perspec-
tive of selection. In fact more than 35 years ago Hamilton
(1971) in discussing the PD cautioned: ‘‘Natural selection
y seems to give one clear warning about situations of this
general kind. When payoffs are connected with fitness, the
animal part of our nature is expected to be more concerned
with getting ‘more than the average’ than with getting ‘the
maximum possible’’’. We illustrate the dynamic similarities
of strong and weak altruism under selection in the next
section.

5. Maintaining between-group selection

So far with our NPD model we have explored the
simplest case of multilevel selection where the within-group
level is represented by only two alternative strategies and
the between-group level is represented by only two distinct
groups. As we have seen, in this case the increase in
cooperators is transient because once one group dominates
there is no longer a between-group selection force (the
variance ratio goes to zero) and the within-group more fit
defect strategy takes over this single group. In order to
illustrate the critical role which variance among groups
plays in the evolution of altruism, we modify our model to
include periodic random redistributions of the population
into multiple groups, these redistributions occurring after
varying numbers of generations within groups. Between
redistribution events reproduction takes place and group
sizes vary with cooperator and defector fitness as pre-
viously explained. This modification implements a popula-
tion structure intermediate between two classic models: the
Hamilton (1975) group selection model and the Maynard
Smith (1964) haystack model.
In Hamilton’s model, an infinite well-mixed population

is formed into evenly sized groups based on a random
binomial distribution. Interactions take place within
groups where the benefit altruists give is divided equally
among other group members. After one generation in
groups, the population is again well mixed and groups
randomly reformed. In this model cooperators are selected
against because, as Hamilton showed, the variance among
groups after random group formation is not enough for
between-group selection to be stronger than within-group
selection. In contrast, in Maynard Smith’s haystack model
groups exist for many generations until each becomes
completely fixed for either cooperation or defection, after
which there is global mixing and group reformation. In this
model altruism is also selected against, but here it is
because the advantage that cooperator-dominated groups
have over defector-dominated groups is lost by waiting
until all mixed groups are taken over by defectors (Wilson,
1987).
While natural populations do not match either of these

extremes, both Hamilton’s and Maynard Smith’s conclu-
sions that altruism cannot evolve in their models have been
widely cited. Our simple model with intermediate numbers
of generations in-between random group reformation
events also does not match any particular natural popula-
tion, but it illustrates what can happen if between-group
selection has more time to act than in Hamilton’s model,
but within-group selection has less time to operate than in
Maynard Smith’s model. The role of an intermediate
number of generations within groups is explored more fully
elsewhere (Fletcher and Zwick, 2004; Wilson, 1987). Here
our purpose is to use our simple model to illustrate the
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dynamic similarities between strong and weak altruism
when we move away from the extreme of random mixing
every generation. To guarantee that only strong altruism is
operating (regardless of changes in group size) we use
other-only altruism (Pepper, 2000) in which an altruist gives
nothing to itself and its benefit is divided evenly among
the others in its group. In the other-only case the x-axis in
Fig. 1 would be the fraction of others cooperating in a
group and the qi value for calculating ai

0 in Eq. (1) becomes
(ai�1)/(ni�1) and for calculating si

0 in Eq. (2) becomes
ai/(ni�1); i.e., the fraction of cooperators in others.

We contrast this other-only (strong) altruism with the
whole-group altruism we have used thus far. Fig. 5
illustrates the relationship between the strong/weak
and other-only/whole-group distinctions. As mentioned
earlier, the value of r from Hamilton’s rule differs for these
two types (Pepper, 2000) in that the calculation of the
average genotype of ‘‘others’’ that each focal individual
interacts with includes the actor in the whole-group case.
For other-only altruism the expected value of r when
groups are formed at random is zero (Hamilton, 1975) so
on average no positive values of b and c will satisfy
Hamilton’s rule (rb4c). For whole-group altruism, ran-
domly formed groups of size ni produce an average r value
of 1/ni (Wilson, 1979, 1990) so Hamilton’s condition
becomes b/ni4c which is the definition of weak altruism;
hence the consensus that strong altruism cannot evolve via
randomly formed groups (Hamilton, 1975; Maynard
Smith, 1998; Nunney, 1985, 2000; Sober and Wilson,
2000; Wilson, 1975, 1990). Elsewhere we have shown
this conclusion is incorrect when groups in classic models
of altruism are made multigenerational (Fletcher and
Zwick, 2004).

We contrast the dynamics of other-only (strong) and
whole-group (weak) altruism for individual runs in Fig. 6
and then give aggregate results in Table 2. By definition,
the other-only runs are guaranteed to involve strong
altruism whereas the whole-group runs begin with weak
altruism conditions for comparison. For the parameters
used here, altruism becomes strong even for the whole-
group type of benefit distribution within individual groups
where ni420, but remains weak in groups smaller than 20.
Our purpose here is to illustrate that the distinction
between strong and weak altruism is not fundamental
(Fletcher and Doebeli, 2006), i.e., that the dynamic
trajectories can be similar (except for an initial transient)
weak altruism

(x > c)

whole-group 

(actor gives itself x)

other-only

(actor gives itself nothing)

strong altruism

(x < c) (x = 0)

Fig. 5. Relationship between whole-group vs. other-only altruism (defined

by whether the altruist receives a share (x) of the benefit it gives its group,

or not) and weak vs. strong altruism (defined by whether x is greater or

less than the altruist’s cost (c)). x ¼ b/ni when the benefit (b) an altruist

gives is shared equally among a group of size ni. In the case of other-only

altruism x ¼ 0.
if interactions are not always completely random. Here this
deviation from randomness is caused by multiple genera-
tions within groups before random mixing.
Fig. 6 shows that the Q values for both other-only and

whole-group altruism follow the same familiar hump-
shaped pattern seen in Figs. 2 and 3 except that in the
other-only runs Q decreases initially. The similar general
dynamics of the other-only and whole-group runs is
another indication of the similarities between strong and
weak altruism under selection—they both loose ground to
defectors within groups and can only increase due to the
Simpson’s paradox effect. That is, cooperation increases
because altruist-dominated groups contribute proportion-
ally more offspring to the overall population, even while
the fraction of cooperators decreases in every group. The
initial decrease in Q for other-only runs is expected—on
average r ¼ 0 after groups are formed in these runs and
Table 2

Percentage of runs ending in Q ¼ 1.0, where 100 runs were done for both

whole-group (WG) and other-only (OO) benefit distribution for each

reformation frequency (same parameters as Fig. 6)

Reformation frequency

1 10 20 30 40 50

WG (%) 100 100 100 66 12 12

OO (%) 0 100 65 10 8 7



ARTICLE IN PRESS
J.A. Fletcher, M. Zwick / Journal of Theoretical Biology 245 (2007) 26–3634
thus within-group selection is stronger than between-group
selection. An example of this initial dynamical difference
immediately after group reformation for other-only vs.
whole-group runs is highlighted by the dashed line with
arrows in Fig. 6. Although altruism initially decreases in
the other-only (strong altruism) runs, within a few
generations after group reformation, Q surprisingly begins
to increase. It then follows the familiar hump-shaped
pattern seen in the whole-group runs until another group
reformation event. This behavior is due to the r value
increasing while multiple generations are spent within
groups, even as Q decreases (Fletcher and Zwick, 2004). In
runs where groups are reformed close to when Q peaks (e.g.
reformation every 20 generations), cooperation can ratchet
up to saturation, whereas in runs where groups are
reformed long after the peak in Q (e.g. reformation
every 40 generations), cooperation tends to be eliminated.
This is true for both the strong and weak altruism runs in
each pair.

The results in Fig. 6 show typical individual runs done
with the same initial random number seed for comparison.
We also did 100 runs at each reformation frequency with
the same parameters but different seeds. In this model, we
allow fractional counts of cooperators and defectors from
generation to generation, but do not use counts less than
one in group reformation events. This tends to weed out
residual fractions and because there is no mutation, the
extremes of Q ¼ 1.0 and 0.0 act as attractors and
intermediate values do not persist indefinitely. In all cases
runs were done until either cooperator or defector
saturation was reached. Table 2 shows the percentage of
whole-group and other-only runs reaching cooperator
saturation for these parameter conditions as well as shorter
and longer periods between group reformations. These
results support the trends discussed above while also
confirming that for the same parameter values, weak
altruism evolves more readily than strong (Wilson, 1979,
1990).

6. Summary

By embodying non-zero-sumness, population structure
(assortment), and heredity in their most basic forms, this
NPD model offers a simple framework for understanding
the paradoxical nature of the evolution of altruism,
integrating such central concepts as Hamilton’s rule,
Simpson’s paradox, and the Price covariance equation.
It also suggests an alternative selection decomposition
which is more intuitive in some situations and helps
emphasize the coupled nature of within- and between-
group selection acting over multiple generations. We
show that a game-theoretic approach is also useful in
understanding the similarities between weak and strong
altruism undergoing selection. We contrast other-only
(strong) and whole-group (initially weak) versions
of the NPD model to highlight both their initial differences
immediately after random group formation and their
overall dynamical similarities. Finally, this also illustrates,
in contrast to conventional wisdom, that both strong and
weak altruism can evolve in periodically randomly formed
groups as long as they are multigenerational.
Recently, game-theoretic models have been demon-

strated where cooperation increases even without recipro-
city. In these cases, social interactions are clumped by
various mechanisms including, the presence of non-players
(Aktipis, 2004; Hauert et al., 2002), the need for sufficiently
similar arbitrary tags (Riolo et al., 2001), and social
institutions for conformity within groups (Bowles et al.,
2003; Boyd et al., 2003). From the perspective of the model
presented here, we would expect these results with their
various cost, benefit, and population structure parameters
also to conform to Hamilton’s rule, although this kind of
analysis is not usually undertaken in such papers (Bowles et
al., 2003 is an exception). In addition, recent studies have
demonstrated mechanisms that can tip the balance of
opposing levels of selection towards altruism, including the
stochasticity inherent in finite populations (Fletcher and
Zwick, 2004; Nowak et al., 2004), resource heterogeneity
(Pepper and Smuts, 2002), imitation of social norms (Boyd
and Richerson, 2002), and lotteries among non-kin that
reduce competition within groups (Avilés et al., 2004).
Understanding how fitness payoff structure, levels of
selection, and population assortment interact can also
elucidate how levels of biological hierarchy evolve (Mar-
gulis, 1993; Maynard Smith and Szathmáry, 1995; Michod,
1997).
The evolution of altruism does not require either

reciprocity or kinship. What is essential is only sufficiently
non-zero-sum benefits for heritable altruistic behaviors,
and sufficiently non-uniform interactions among indivi-
duals with these behaviors. This is captured in our
simple NPD model. As demonstrated here, the necessary
combination of non-zero-sumness and population
structure is specified by Hamilton’s rule. This overall
framework can help social science researchers who
emphasize game-theoretic models to see their results in
the context of Hamilton’s rule (which applies to both
inclusive fitness and multilevel selection theories), while
also enabling biology researchers who focus on relatedness
to recognize the inherent game-theoretic character of their
models.
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Appendix A. Derivation of Hamilton’s rule from NPD

fitness functions

Here we derive Hamilton’s rule starting with the basic
NPD fitness functions and the condition that the fraction
of cooperators in the whole population increases.

Starting with Q04Q we get

A0

N0
4

A

N
. (A.1)

Using the assumption that w0 ¼ c, we simplify Eqs. (3)
and (4) to

waðqiÞ ¼ bqi (A.2)

and

wsðqiÞ ¼ bqi þ c, (A.3)

respectively. The critical factor is the difference c between
the fitness of altruistic (C) and selfish (D) individuals.
Setting the base fitness to c just allows us to add this
difference to ws rather than subtracting it from wa, and
thereby avoid the possibility of negative fitness values.
Substituting with these equations and summing over all
groups i we get

Aþ
P

aiqib

N þ
P

aiqibþ
P

siðqibþ cÞ
4

A

N
. (A.4)

Cross multiplying and isolating c/b on the right side
yields

N
P

aiqi �QA
� �

NQS
4

c

b
. (A.5)

We cancel N and substitute terms to give
P

aiqi � 2AQþ AQ

Að1�QÞ
4

c

b
(A.6)

and then

P
niq

2
i � 2Q

P
niqi þQ2P ni

A� 2AQþ AQ
4

c

b
. (A.7)

This we rewrite as

P
niðq

2
i � 2Qqi þQ2Þ

A� 2AQþNQ2
4

c

b
(A.8)

which gives
P

niðqi�QÞ2

N

Að1�QÞ2þSð0�QÞ2

N

4
c

b
(A.9)

or

varBðqiÞ

varT ðQÞ
4

c

b
. (A.10)

This is Hamilton’s rule for a whole-group trait where r is
the between-group over total variance: rb4c.
Appendix B. Price equation derivations

Here we show how the Price covariance equation can be
interpreted in terms of an idealized Q0 and how this relates
to our NPD fitness functions.
Starting with the Price between-group term,

DQB ¼
cov ðwi; qÞ

EðwiÞ
, (B.1)

where wi is the growth rate of a group, ni
0/ni. By definition

we get

DQB ¼
EðwiqiÞ

EðwiÞ
�

EðwiÞEðqiÞ

EðwiÞ
. (B.2)

This can be written as

DQB ¼

1
N

P
niwiqi

N 0=N
�Q. (B.3)

Canceling 1/N and using the definition of wi we get

DQB ¼

P
n0iqi

N 0
�Q (B.4)

which gives

DQB ¼ Q� �Q, (B.5)

where

Q� ¼

P
n0iqi

N 0
. (B.6)

Now given DQ ¼ Q0�Q and DQ ¼ DQB+DQW, it
follows that DQW ¼ Q0–Q*.
To show the connection to the NPD fitness functions, we

start with

Q� ¼

P
n0iqi

N 0
, (B.7)

then from above we substitute for ni
0 using average fitness

to get

Q� ¼

P
qinið1þ wavqiÞ
� �

N 0
(B.8)

or

Q� ¼

P
aið1þ wavqiÞ
� �

N 0
¼

A�

N 0
, (B.9)

where A* is the idealized A0 given by the Price between-
group component of selection. That is, the Price equation’s
idealization about the new number of altruists in the
population is given by adding the existing number in each
group, ai, to the amount each receives based on the average
fitness line in the NPD model (Fig. 1).
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