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Abstract process otlesigningthe controller &ctionNN herein).

Si i d that likelv to be of int tt Two methods for discretizing continuous models of
Ix questions aré posed that are likely {0 beé OTINeresti0, 3 yts are used -- see Section 5.1. Two neural nets are used,

one considering applying the DHP methodology. Tentativeyne for theactionNN functioning as the controller, and one
answers to these questions are provided in the last sectiokor thecriticNN used to design (via training) taetionNN.

of the paper. As a basis for these, the paper first describe:a third NN could be trained separately to copy the plant if
observations made from a series of explorations into an analytical description (model) for it is not available.
various aspects of using the DHP method to design the R(t) [dim. n] is the state of the plant at time t. The control
controller for the pole-cart benchmark problem. signal u(t) [dim. a] is generated by thactiorNN in
Parameters of the explorations included training gains, response to the inp&(t). The signali(t) is then asserted to
plant parameter variations, fidelity of plant model, the plant. As a result of this, the plant changes its state to
controller sampling rates, network architectures, training R(t+1). The criticNN’s role is to assist in developing/

strategies, and generalization tests. designing a controllelattionNN) that is “good” relative to
] optimizing the specified utility function B(t),u(t)), which
1. Introduction is crafted to express the objective and constraints of the

control application In the DHP method, theriticNN

Dual Heuristic Programming (DHP) is emerging as a >~ . : '
. urst J ing ( ) | ging estimates the gradient of J(t) with respedR(; the letter

potentially very useful and powerful method for desigining >° ; X ;
controllers. The present paper aspires to assist thos? IS use? ﬁs a .short-.ha:jnd _notaﬂ%n for this gradient, so the
contemplating the possible use of the DHP in their OutPut Of thecriticNN is designated.

application. A set of questions a potential user is likely to 3, Updating Process

ask include the following: What training strategy do | use to . . .
perform DHP? What NN architecture is best? What We refer to Figure 1 to describe the computational steps

controller sampling rate should be used? How good of auSed in the DHP methodology. The boxes with dark shading
plant representation is needed? Is on-line learning a realisti"€an we have an analytical expression for that item [note:
possibility? What kind of generalization is possible? if an analytical representation of the plant is not available, a

The platform used for the explorations reported herein NN may be trained up to emulate the plant and used in this

: role]. The clear boxes are neural networks (NNs). The
was the pole-cart benchmark problem [1][2][3]. This of : o /
course represents a relatively simple plant, but neverthelessmedlum shaded boxes represent some critical equations that

: .~ ~are to be solved in the training process. The dotted lines
f/r;?uzuthors feel the results obtained have some appl'cat'o‘represent calculated values being fed into the respective

_ ) boxes. The heavier dot-dash lines indicate where the
2. Mathematical foundations learning/updating process occurs.
The Dual Heuristic Programming (DHP) method is a . Reading Figure 1 from left to right, the current si(9

neural network approach to solving the Beliman equation's féd to theactiolNN, which then generates(t). The

: PR e model is informed ofR(t) and u(t), and then generates
B%%ii&r?ﬁnlgtitoer::entans maximizing & specifiesbcondary R(t+1). R(t) is also fed to the critic#1 box and to the utility

-~ box, which generate, respective(R(t)) and UR(t)).
Jt) = Z yKU(t + K) (1) [Note, in the examples used herein, the crafted Utility
functions make use &(t) but notu(t); if u(t) is included in
K _ k=n the definition of the utility U, then we would show a
Thetermy® is adiscountfactdd € y<1 )[assumedtobe connection from the output of theetionNN to the utility
1 in this paper] and(t) is thprimary utility function, de- box.] After the model generaté¥t+1), this is fed to the
fined by the user for the specific application context. A use-Critic#2 box, which then yield&(R(t+1)) -- more simply
ful identity: denoted as\(t+1). This value is a key component of the
300 = U +vI(t+1 5 calculations in the medium-shaded boxes, which in turn are
( )_ o (1) + yJ( ) (2) . heeded to perform learning/adaptation ofahorNN and
The usual application context for the DHP method is the criticNN. The upper medium-shaded box calculates

control [9]. It is useful to observe that the Bellman-type aw..  and the lower medium-shaded box calculaxégt)
optimization going on in the DHP method refers to the the!‘gesired” or “target’ value forA(t) to enable
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o For convenlence we paraphrase Equation (6) in Equatlon

~
..........- ‘N ;' (7). Using this version, we note that the [~Action] terms are
o . calculated via the action box in Figure 1, and the
calculate A°(R(t)) [~Critic(t+1)] terms are calculated via the critic#2 box.
Similarly, the [~Plant] and the[~Utility] terms are
calculated via the respective dark-shaded box in Figure 1.

Figure 1. Computing Schema for Discussing Strategiés )\ (t) = [~Utility]+ Z (~Utility] <[~Action] )

(backpropagation-type) training of critic#1.

We now show the basic equations for the two medium-
shaded boxes, and in particular, point out the robg(tefl)
in those computations.

j—l

+ Z ([~Critic(t+1)] * [~Plant])

k=1
3.1 The upper medium-shaded box. npga O
. _ _ O . o
In the present work, a basic Backpropagation algorithm + Z O z ([~Critic(t+1)] « [~Plant]+ [~Action])) O
is used (no embellishments) to adjust the weights in the ‘= 1% t H

action box. The Weight-adjustment is calculated via:
30 @) 3.3 The training/update process.

(t) Detailed descriptions of various strategies were given in
[2] for "solving" (iterating) Equation (7). Using Figure 1, we

Awij t) = Icoef-

0 _ 0 describe three of them here (Strategies 1 [“classical’], 2
where aW..(t)‘](t) - Z ou (t)‘](t) ' aW.,(t)uk(t) [Prokhorov/Santiago/Werbos/Wunch, called “flip/flop”] &
a'J I(g 1 K ) 1 4 [Lendaris/Paintz]). Keep in mind that the output of critic#2
- is required for performing the calculations in the medium-
and auk(t)J(t) auk(t)u(t) * auk(t)J(t+ b shaded boxes, which in turn must be calculated to perform
learning updates in the action and critic#1 boxes.
and flnally, 5 Strategy 1.Straight application of the equation.
(t)J(t 1) = Z mJ(H 1) (t)RS(t 1) (4) In Figure 1, this means that aftgft+1) is calculated,
Y ez O both of the paths leaving critic#2 are traversed, so that
Abbreviation: 5 _ the action box and the critic#1 box are updated in each
m““‘ 1) = AMt+1) (5) iteration. [Note: In this strategy, the two boxes labeled
. St L _ critic#1 and critic#2 are always maintained identical --
A(t+1)is approximated by the critic, in response to the in-  j e could be the same physical box, just used for two
IOUt R(t+1). different calculations.]
. Strategy 2.Basic 2-stage process [“flip/flop”].[5]-[9
(t) S(t 1) can be calculated from analytical equa- Duri% stage 1 traingritigNN, not[acgori\le];[ ol

In Figure 1, this means that afégt+1) is calculated,
only the path which adapts critic#1 is traversed, not
the path which adapts the action box. This is repeat-
ed for a designated number of iterations, and then
changed to stage 2 (from “flip” to “flop”). As in
Strategy 1, critic#¥ critic#2.

tlons of the plant, if they are available, or by backpropaga-
tion through a third neural net that has been previously
trained to copy the plant.

3.2 The lower medium-shaded box.
In [2], Equation (6), which makes use of the identity of

Equation (2), is shown to hold. Note again the term
containing the gradient of J(t+1) with respectR¢+1):
A(t+1). The subscript s indicates the components of the
vectorquantityA(t+1).
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During stage 2,trainactionNN, notcriticNN.
In Figure 1, this means that afigt+1) is calculated,
only the path which adapts the action box is tra-
versed, not the path which adapts critic#1. This is re-
peated for a designated number of iterations, and
then changed to stage 1 (from “flop” to “flip”).
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Strategy 4.Single-stage process (as in Strategy 1), witmot always converge.

the modification that critic#1 and critic#2 are made A series of experiments was carried out to discover the
two physically distinct objects _ minimum-sizeactionNN andcriticNN that yield successful
After A(t+1) is calculated, adapt both the action boXperformance of the DHP process for the pole-cart problem.
and the critic#1 box as in Strategy 1, howeleaye The series included two different methods for simulating
critic#2 unchanged Repeat this for a designated num- e plant (pole-cart platform). One is here called the
ber of iterations (the familiar ternepochi is used here  pigerete-Map  version, wherein the plant-simulation
for the designated number of iterations), anthe end  jniegration time interval was set equal to the sampling

of each epoch, upload the weight values from critic#%a o) of the controller ctionNN). In the associated

into critic#2, and continue the process, epoch at a timeyomh tations, the dependence of the angle on the angular

[* Strategies 2 and 4 here were 2a and 4a in [2] & [3]/] acceleration was omitted, and this caused certain time lags
] i ' to emerge in the simulation. The second method allowed
4. Overview of Explorations independent selection of time intervals for plant-simulation

; integration and sampling period of the controller. The terms
In early explorations [2] [3], we found Strategy 4 to haVemissing in the Discrete-Map version were included, thus

tantalizing improvements over Strategy 2 (the “flip/flop’ ;2> 2. ; . . ;
strategy of [5] - [9]). Specifically, Strategy 4 was found ableeI|m|nat|ng the time lags. This made the simulation more

to converge at least two times faster than flip/flop. It Wagiltlhef(ljjlhteoreitr??chgrg(?rrllt}ilrlwz%uilffsﬁiﬁﬂlt:':ilog(i/ueerlgic())?l - hence
decided to make more extensive explorations, both of th :

DHP process itself and of the relative performance of the In principle, for a second-order dynamical system, only
strategies. These are reported here. the position and velocity terms (f@rand X) are required to
The platform used for these explorations continues to bgP€CiY the system. In the Discrete-Map version of the plant
the benchmark pole-cart problem [1] [2] [3], both in its Simulation, however, due to the absence of the acceleration
“Theta-Onlv" version. and the “Theta-X" version. The €rMs in the plant simulation, it was discovered that the
explorationg focused ’On various aspects: ' criticNN required an acceleration term input to it, apparently

i : e so it could “reconstruct” some of the missin lant
a. Minimum NN architectures for successful training. information. For the Continuous-Simulation %erpsion

b. Controller design based on low fidelity models of plan " . O
c. Robustness of%esulting controller Wit)lfl respect topplarfqowever, thecriticNN performed satisfactorily without the

parameter variations acceleration inputs -- but did better with them.

d. Sampling rate of controller vs. learning speed and Both the actiorNN and criticNN have feedforward
quality of control. architecture, with one hidden layer using hyperbolic-tangent

In any controller-design context, the user's desires@Ctivation functions. Output layer elements for¢hgcNN

constraints are specified, and the controller is designe it si d activation functi d .
accordingly. In the present context, the specifications are'ooc WIth Sigmoid activation functions proguce superior
provided in the form of a “utility” function. For t@—only controllerg to those with linear activation functl_ons. _
version, the utility function is defined only in terms @f The actiorNN for the pole-cart problem has just a single
(e.g.,U(t) = —O(t)? ). With such a utility function, no limits output. The number of inputs to thetiofNN need only be
are placed on the position X(t) of the cart. The only linkagdh€ Pposition and velocity terms, but superior controller
of position to angle in this case is through the (very) smalPerformance was found by including acceleration terms
friction coefficient term in the expression fa® . An @liso. Thus, for th@-only version, the minimaictiorNN
example of a utility function that brings cart position intohas only 2 inputs (position & velocity f@); for the ©-X

play would beU(t) = —e(t)z—X(t)z , yielding what is called Version, the minimahctiorNN has 4 inputs (addition of
here theo—X problem. Clearly, scaling coefficients can bd0sition & velocity for X). For both the Discrete-Map and
placed in front of the component terms to emphasize angul&rontinuous plant simulations, all three DHP strategies (1, 2
position or track position as desired. For@enly version, & 4) yielded the same “minimal” architecture: 2-1-1 for the
no position data need be input to the controller, nor to th®-only problem, and 4-1-1 for th®-X problem (input-
critic NN. For the@—X problem, it is required that both hidden-output layer elements).

angle and position data be supplied to the controller and the For the criticNN, the results were different for the

ave linear activation functions, while for thetionNN,

criticNN. Discrete-Map and Continuous simulations. In the Discrete-

5. Exploration R It Map case, an additional acceleration term was required for
- EXploration Results both® and X into (and hence out of) theticNN. Whereas

5.1 Minimum NN architectures for successful for the Continuous-Simulation case the minimal architecture
training was 2-1-2 for@-only, and 4-1-4 fo-X, for the Discrete-

Map case the additional acceleration term was required,
In [3], it was found desirable to limit the state variables ayielding a minimal architecture of 3-1-3 and 6-1-6,

the input of the action and critic NNs to those contained imespectively.

the utility function. For example, in th@-only context, if The controller designs that emerged from the DHP

state variables associated with cart position X were includegrocess using single-element hidden layer NNs performed

as inputs to the NNs in addition to the required stateis well, and in some cases better than, controller designs
variables associated with pole an@lethe DHP process did
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emerging from DHP processes using NNs with moreabout the pole dynamics to start the correction of the X
elements in the hidden layer. See Figure 2 a-c & f-h. displacement by moving further away from the target

For the®-only case, the training performance measureOosition at the beginning, in order to get the pole moving in
for the DHP process improved, first after adding an@ Way that would allow the controller to ggtand X to rest
acceleration input, and next, by increasing the number @it their respective target positions at the same time.
hidden-layer elements from one to three. ForQhe case, For the same controller (6-1-1), the length/mass of the
the training performance measures also improved with thpole was then increased in varying amounts to determine the
addition of acceleration inputs, but addition of hidden-layerobustness of the controller design. It was observed that the
elements produced mixed results. The more complegontroller successfully (i.e., no drops) balanced the pole for
networks were less likely to learn to control for both anglencreases in the length/mass of the pole from a starting value
and position. of 1 unit all the way up to approximately 2 units. Above 2

For the®-X problem, the simpler controllers exhibited units, the pole would sometimes fall. To test the DHP
better generalization (fewer drops) than did the mordénethod’s ability to operate on line -- e.g., to effect an
complex. This is another example of the conjecture [4pdaptive refinement of the controller design -- tests were run
(often repeated in different contexts/formats) that given twavherein the DHP learning process was left on as the test
architectures that train up equally well on given trainingdisplacements were applied to the pole after the sudden

data, the “simpler” architecture has a higher likelihood ofhange in its length/mass. Figure 2e shows the response of
better generalization. the system to a angle displacement of the pole without the

A general observation that can be made is that for both tHRP _training turned on; note the unstable oscillations
@-only and the®-X problems, and for all architectures, '€SUlting in a pole drop. Figure 2j shows the same test, but
Strategies 1 & 4 yielded training performance measures thiiiS time with the DHP learning turned on; note that the

were twice as good as those for Strategy 2 (flip/flop of [5]_adaptive redesign of the controller succeeds in making its

[9]). The quality of the resulting controllers via all three modifications without the pole falling. These examples were
strategies, with the Continuous-Simulation method for thdO" the case of sudden change of length/mass to 2.5 units.
plant, however, were on average, equivalent. The DHP method of controller design has shown itself
. - capable of developing controllers that are robust relative to
5.2 Controller design based on low fidelity models  ather large variations in plant parameters [on the pole-cart

of plant. testbed]. In addition, even when the plant parameters move
Controllers were designed (via training) using the pHpPUtside this region of robustness, the DHP method may be

method based on a “coarse” integration routine simulatingP!€ to refine the controller design on line -- i.e., to perform
the plant, and their performance was checked using a mo adaptive process -- as illustrated in Figure 2j. These are

accurate integration routine for the plant simulation. It wagotentially very important attributes of the method, and
found that on average, the controller perforroetieron the therefore will require testing on substantially more complex

more accurate simulation than on the (coarser) simulatioRlants than the pole-cart context. Early results on a more
that it had been trained on complex platform (see [3]) support the above robustness
. e ) I conclusion; tests are yet to be made related to the on-line/
Typically, it is the case that a model is incomplete - or. daoti
« o : .~ adaptive aspect.
coarse” in some sense - relative to the plant being _ _
represented. Accordingly, the above result suggests a happy4 Controller sampling rate vs. learning speed and
conclusion that the DHP method could be used to design a quality of control

controller in the “lab” based on a model, and then

successfully fielded on the original plant. The rate at which the controller operates has obvious

computational ramifications -- the faster the sampling rate,

5.3 Robustness of resulting controller with respect  the higher the computational requirements. On the other
to plant parameter variations hand, it is equally clear that too slow a sampling rate will

esult in poor control. It is thus of import to explore the

The explorations in this and the next section were alL‘fect of different sampling rates on the performance of the
performed using the Continuous-Simulation for the pIantDHP process and of the resulting controllers

The controller was designed using the DHP method, based As expected, it was found in general that the quality of

on a sequence of angular displacements of the pole (see [2]). 4 ; . X
The resulting controller was then tested for quality o ontrol continued to improve as the time step size decreased,

generalization on angles not included in the training set, andP 10 some asymptotic level. Further, it was found that the
for the®-X case, was also tested on some X displacement§@ining performance measures also improved as the time
Figure 2d shows the step response to%li8placement of step size decreased,_ again up to some asymptotic Ievel._
the pole angle for one such controller (the maximum angle From the perspective of the DHP method, faster sampling
used during training was 9)0; note the very nice response. rates allow more learning to occur in a fixed time period (up
Figure 2i shows the step response to a substantial initi some limit), since there are more weight updates in that
displacement in the cart’s X position for the same controlletime period. Conceptually, the limiting upper value of the
This response is very nice, especially since the controllgampling rate is dependent on the maximum rate at which
was not explicitly trained on displacements in X. It isthe plant can provide “appropriate information” to the DHP
interesting that the controller learned sufficient informationmethod upon which to design the controller -- i.e.,
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dependent upon the plant’s time constants. unless something in your problem context suggests Strategy

Various experiments were run for both @@nly and the 2 might be more successful.
©-X cases, using six different sampling intervals, ranging What NN architecture to use?Start with the smallest
from 0.003125 sec. to 0.1 sec., each separated by a factoras€hitectures that you can conceive of, and slowly “grow”
2. For ease of comparison, the same learning rates were ushdm until performance drops off. You will tend to get faster
for all the experiments. In general, however, for the highearning and better control, up to a point, after which
sampling-rate cases, smaller learning rates produggerformance diminishes.

smoother convergence of the DHP process. What controller sampling rate to use?As fast a

For the®-only case, the results yielded a rather smoottsampling rate as is convenient and/or computationally
diminishing-return type of plot, from which one would pick feasible. It doesn’t need to be faster, but if it is, training is
the 0.0125 or 0.00625 sampling period. faster and quality of control tends to be better.

For the®-X case, while the general results are the same, How good of a plant representation is needed in the
some ambiguity appears in the generalization tests for tHeHP method? The plant representation doesn’t neet to be
coarse sampling time interval of 0.1 sec. In this case, if thperfect. For example, coarse/fast integration routines with
system hasn't learned to balance the pole yet, then trsignificant error are ok to use in training. Also, controllers
position-related performance measurements turn out to s®em to be robust with respect to plant parameter variations,
very bad. In any case, for tleX case also, one would pick thus also implying that the model doesn’t need to be exact.

the .0125 (or 0.00625) sampling interval. Is on-line learning a realistic possibility?An example
5.5 Training parameter values vs. initialization was cited wherein the answer is yes.

; i i i i What kind of generalization is possible?Results of
regions in weight space for high probability of tests for both theé-only and the®-X problems, using
DHP convergence.

significant @ displacements and X displacements show
Ideally, one would like a proof that the DHP training impressive generalization capability of the controllers
algorithm converges to an acceptable controller desigdesigned via the DHP process, at least for the pole-cart
given some range of starting weight values and a set @iatform. A sense was developed that even though the
training parameter values, for the class of plants and contrabntroller was designed to balance the pole vertic@#0{,
objectives/contraints one is concerned with. Absent such the same controller could then be used in a tracking problem
proof, it is reasonable to ask if there exists a set of trainingontext. If so, then good generalization in a higher sense is

parameters and a region of inital network weight values foalso accomplished.

which the process always converges in experience. For t
present plant, the answer is yes, there exists a range
traning parameters and an interval in weight space ovét]
which the network weights can be randomly initialized
which in practice seems to always lead to successful
controller training. 2

This is true for both th@-only and the®-X problems
using Strategies 1 and 4 with the range of architecturgsg)
described above. This is also true for Strategy 2 with some
of the architectures.

The range of training stimuli also impact the process. Tw:f§1
observations may be stated based on our experiments. Fi \!
increasing the magnitude of the training angles makes the
training process more difficult and less likely to convergeys;
Second, the usual observation that lack of adequate training
stimulus can lead to poor generalization. These observations
support the practice of starting the training process off off]
small angles and then progressively increasing the difficulty

of the training task. 7

6. Conclusion

In the Introduction, we posed a set of questions OL?]
potential interest to a person contemplating using the DH
process for designing a controller in a given problem
context. Based on the experiences described above, we offer
the following answers. (9]
What strategy to use?All the strategies are capable of
producing good controllers, but Strategies 1 and 4 do so
much faster. Therefore, we suggest using Strategy 1 or 4
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